In this paper, we have studied the energy spectra and B(E2) transition probabilities of [124][125][126][127][128][129][130] Ba isotopes in the shape phase transition region between the spherical and gamma unstable deformed shapes. We have used a transitional Interacting Boson Model Hamiltonian which is based on affine SU(1,1) Lie Algebra in the both IBM-1 and 2 versions and also the Catastrophe theory in combination with a coherent state formalism to generate energy surfaces and determine the exact values of control parameters. Our results for control parameters suggest a combination of U (5) and SO(6) dynamical symmetries in this isotopic chain. Also, the theoretical predictions can be rather well reproduce the experimental counterparts when the control parameter is approached to the SO(6) limit.
Introduction
The study of quantum phase transitions (QPTs) is a hot topic in different areas of quantum many-body physics. In Nuclear Physics many aspects of QPTs have been studied. When the numbers of protons (or neutrons) are modified, the energy levels and electromagnetic transition rates of atomic nuclei change too and suggest a transition from one kind of the collective behavior to another [1] [2] [3] . The quantum shape phase transitions have been studied 25 years ago with using the classical limits of the Interacting Boson Model (IBM) [4] [5] [6] [7] [8] [9] [10] which describes the nuclear structure of even-even nuclei within the U(6) symmetry, possessing U(5), SU (3) and O(6) dynamical symmetry limits, These descriptions point out that there is a first order shape phase transition between U(5) and SU (3) limits and a second order shape phase transition between U(5) and O (6) limits. The analytic description of nuclear structure at the critical point of phase transitions has attracted extensive interest in the recent decades. One has to employ some complicated numerical methods to diagonalize the transitional Hamiltonian in these situations but Pan et al in Refs. [11-3 12] have been proposed a new solution which was based on affine   1,1 SU algebraic technique and explores the properties of nuclei have classified in the U(5)↔SO (6) transitional region of IBM.
It was long believed, the Barium isotopes were good examples of the quadrupole vibrational nuclei, namely U(5) nuclei . However, during the last few years, new experimental data and calculations have led to a modified picture on these nuclei. By using the collective models in describing the structure of Barium isotopes [13] , these nuclei can consider to be soft with regard to the  deformation with an almost maximum effective trixiality of 30  
. These mean Ba isotopes appear to evolve from the U (5) to O(6)-like structure in IBM classification. On the other hand, different authors who have been extensively studied the structure of Ba isotopes, consistently explained that the normal phonon states of this isotopic chain can be described via U (5) limit where one has to use the O(6) limit predictions for the intruder states. Also, the examinations of the three phonon states suggest that IBM-2 calculation were needed to explain these levels [15] . All these new experiments and theoretical calculations have provided new insights for these nuclei which is helpful to understand their structures [17] [18] [19] [20] [21] [22] [23] [24] [25] . Although, it is very difficult to treat them in terms of conventional mean field theories since they are neither vibrational nor rotational.
In this study, we have focused on the [124] [125] [126] [127] [128] [129] [130] Ba isotopes with emphasis on the energy levels and quadrupole transition probabilities. We have used the transitional Hamiltonian [35] [36] to consider the evolution of these isotopes between spherical and gamma unstable shapes. Catastrophe formalism [37] [38] [39] [40] [41] is used to determine the exact values of control parameter for each nucleus and also present the energy surfaces. Different energy levels and quadrupole transition probabilities are determined in the IBM-1 and 2 frameworks and compared with experimental counterparts [42] [43] [44] [45] [46] .
Theoretical framework
The phenomenological Interacting Boson Model (IBM) in terms of U(5), SU (3) and O(6) dynamical symmetries has been employed in describing the collective properties of several medium and heavy mass nuclei. These dynamical symmetries correspond to harmonic vibrator, axial rotor and   unstable rotor as 4 the geometrical analogues, respectively [1] [2] [3] . Although these symmetries are fairly successful in the investigation of low-lying nuclear states, the analytic description of structure at the critical point of phase transition is considered as issue, recently great analyses has been performed to describe them. Iachello in (1,1) SU Algebra has been described in detail in Refs. [11] [12] . Here, we briefly outline the basic ansatz and summarize the results. The Lie algebra corresponds to the (1,1) SU group is generated by S  , 0   and  , which satisfies the following commutation relations 00 [ , ] ,
The Casimir operator of (1,1) SU group can be written as 
generates an affine Lie algebra   ... ,
where N is the normalization factor and
The c-numbers are determined through the following set of equations 22 22 15
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The quantum number k, is related to total boson number N, by Then, we have used "Find root" in the Maple13 to get all ' j y s. We carry out this procedure with different values of c and  to provide energy spectra (after inserting  and  ) with minimum variation as compared to the experimental counterparts;
is the number of energy levels where are included in extraction processes. We have extracted the best set of Hamiltonian's parameters, i.e.  and  , via the available experimental data [27] [28] [29] for excitation energies of selected states,
and etc, e.g. 12 levels up to 4 2  , or two neutron separation energies for nuclei which are considered in this study. In summary, we have extracted  and  externally from empirical evidences and other quantities of Hamiltonian, e.g. c and  would determine through the minimization of .
As have been explained in Refs. [23] [24] [25] [26] [27] [28] [29] , one may use the IBM-2 calculation to explore three phonons or 2p-4h states, e.g. intruder states. To this aim we have used same formalism to extend IBM-2 calculation via   1,1 SU lie algebra. Details have been presented in Ref. [11] [12] and we explore the final results. In IBM-2 case, the Hamiltonian can be considered as
In this Hamiltonian, we have 
And similarly, we can get the energy surfaces in the IBM -1 framework   22  2  2  2  2 4  2 2  2  2   2  2  2  2  2  1  2  1  2  2  2  2  2  2 ( 1) 2 2 ( , ) (
To analyze the energy surfaces within the catastrophe theory formalism, which are explained completely in the Refs. [37] [38] [39] [40] [41] , we have determined the critical points of the energy surfaces. The following algebraic equation is yield the variable  ( in the IBM-a formalism which the procedure is similar for IBM-2 and we will denote the final result) 
Or can be rewritten in the form 
We must determine the Bifurcation set, the locus of the points in the space of control parameters at which a transition occurs from one local minimum to another [8] ( 1) )
In the IBM-1 formalism and similarly we get the following result in the IBM-s formalism
( 2) BE Transition
The reduced electric quadrupole transition probabilities, ( 2) BE , are considered as the observables which as well as quadrupole moment ratios within the low-lying state bands prepare more information about the nuclear structure. The E2 transition operator must be a Hermitian tensor of rank two and consequently, number of bosons must be conserved. With these constraints, there are two operators possible in the lowest order, therefore the electric quadrupole transition operator employed in this study is defined as [7] ,
q is the effective quadrupole charge, ' 2 q is a dimensionless coefficient and † † 
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To analyze the B(E2) transition ratios for isotopic chain, we have calculated the matrix elements of T(E2) operator between considered states, then with comparing the results with the experimental counterparts, we can extract ' 22 ( , )uantities. To this aim and also to simplify the description, we have followed the method introduced in Refs. [7] [8] and in the fitting procedures, these parameters would be described as a function of only, total boson number () N .On the other hand, In IBM-2 framework, B(E2) transition probability were calculated via E2 operator † † (2) ' † (2) 22 ( 2) ,
e  and e  are the effective charges for the proton and neutron bosons, respectively. These quantities were determined through a fitting procedure that includes all known levels and selected B(E2) transition probabilities. In our calculation and then comparison with the experimental counterparts, we explore only    which are extracted from experimental data, by similar method has been explained in Refs. [15] [16] [17] [18] , and then by using these quantities in Eq.39, we have determined the c s values which all of them are presented in Table 1 . These quantities describe the best agreement between the calculated energy levels in this study and their experimental counterparts taken from Refs. [42] [43] [44] [45] [46] , i.e. minimum values for  .
Figure1 describes a comparison between the available experimental levels and the predictions of our results for [124] [125] [126] [127] [128] [129] [130] Ba isotopes in the low-lying region of spectra. An acceptable degree of agreement is obvious between them.
Our results which suggest a combination of the vibrational and gamma unstable limits in Barium isotopes, e.g. c s values are in the middle range of allowed values and do not approach to one limit explicitly, confirm previous result which suggests a shape coexistence in the Barium isotopic chain. Also these results for c s verify the transitional behavior for these nuclei and therefore, suggest the application of these transitional Hamiltonian for such nuclei which are located in the near of closed shell. These results, similar to results which we have obtained in Ref. [36] for Te isotopes, suggest a deviation from the U (5) limit (c s = 0) in this isotopic changes where our results for c s are located in the 0.38 -0.60 region. Also, when the deformation effect is increased in our calculation (c s approaches to SO(6) limit), the accuracy of our determination also increased where the smallest uncertainty is reported for 130 Ba which c s = 0.6 is offered for it.
The existence of intruder states in some nuclei such as Cd, Te isotopes which are located in the near of closed shells are reported in different studies [21] [22] [23] [24] [25] [26] [27] [28] [29] . This means, the normal vibrational construction would not explore the observed data for two phonon triplet states, 24 ph  excitation. Different authors suggested to use the IBM-2 predictions to calculate separately the normal and intruder states. To this aim, we have introduced IBM-2 formalism of transitional Hamiltonian in previous sections. Using a same procedure which has done for IBM-1 calculations to extract parameters of transitional Hamiltonian through experimental counterparts via Bethe-Ansatz method and Least Square Fitting (LSF) extraction, we have got the following results for these parameters which are presented in Table 2 . Also a comparison between IBM-2 predictions and experimental counterparts for [124] [125] [126] [127] [128] [129] [130] Ba are given in Figure 2 .
IBM-2 suggests more accurate results, i.e. minimum  values, in comparison with experimental data and therefore, one can consider this framework to describe energy spectra of Ba isotopes. Figures 1&2 explore the ability of   1,1 SU based transitional Hamiltonian in both IBM-1 and 2 formalisms in reproduction of all considered levels in this study and also the acceptable degree of extraction procedures.
The results of IBM-2 calculation, confirm our idea about the effect of deformation in results to reduce the distance between theoretical predictions and experimental counterparts. In comparison with predictions of IBM-1, we reach to so low uncertainty but our results for c s values are more than IBM-1 counterparts. Also, similar to results of IBM-1, we observe the minimum σ values for nuclei which our results suggest the maximum c s values for them. In this paper, we have considered the energy surfaces for Ba isotopes, too. To obtain them, we have used the results which are yield via IBM-2 predictions (are more exact in comparison with IBM-1 suggestion).
In the transition from U(5) to the SO(6) limit, the evolution of energy surface goes from a pure  that has a deformed minimum [37] . Figure 3 shows the energy surfaces for the Ba isotopic chain which are plotted as a function of  . Our results in Table 2 propose the most SO(6) -like structure for 126 Ba nucleus and if we consider the energy surfaces for different dynamical symmetry limits which are presented in Ref. [37] , this isotope has the most like shape to the expected energy surface for SO (6) limit.
In our considered framework, we have compared the predictions of transitional Hamiltonian, in both IBM-1 and IBM-2 cases, for energy spectra with their experimental counterparts, which contain all the observed intruder states . Also, we have tried to extract the best set of parameters which reproduce these complete spectra with minimum variations. It means, our suggestion to use this transitional Hamiltonian for description of Ba isotopic chain would not has any contradiction with other theoretical studies which have been done with special hypotheses about mixing of intruder and normal configurations.
Our model has proposed the c s values in the 0-1 region, without any dominant deviation to any limits, and confirms the mixing of both vibrating and rotating structures in these nuclei. This may suggest the same role of mixing parameter of other investigation which explain the combination of normal and intruder configurations to our control parameter. On the other hand, to appreciate the advantages (or disadvantages) of different theoretical methods, we have compared our results with different analyses such as Refs. [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . Our selected nuclei have not considered in other theoretical studies completely, but for some of them which we have found similar counterparts, our results which have derived via more parameters (as compared to standard IBM shape-phase transition approaches) explore the smallest values. This means, for these numbers of levels in this energy region, the affine   1,1 SU approach can be regarded as the more exact method for describing the energy spectra of considered nuclei in transitional region.
B(E2)Transition probabilities
The stable even-even nuclei in Ba isotopic chain exhibit an excellent opportunity for studying behavior of the total low-lying E2 strengths in transitional region from deformed to spherical nuclei. 
